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Abstract
Interpolation and quasi-interpolation are very important methods for function approximation. But both of
them have their respective disadvantages. The interpolation function can 5t the given sample points, but
some oscillation may arise as in the case of the Lagrange interpolation. The quasi-interpolation function, for
example, the Bernstein quasi-interpolation function, satis5es the convergence condition, but does not keep
5tting the given sample points. In this paper, we present a method to construct a quasi-interpolation operator
with certain interpolation property.
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1. Introduction
Interpolation and quasi-interpolation methods play an important role in function approximation.
Lots of researches have been done (see [1–4]). But both the kinds of methods have their respective
disadvantages. The Lagrange interpolation function Lnf of f, for example, can 5t the given sample
points but do not converge to f when n tends to in5nity. On the other hand, the quasi-interpolation
operator, for example, Bernstein quasi-interpolation function Bnf of f, does not have the interpola-
tion property.
In this paper, we present a method to construct a quasi-interpolation operator with interpolation
properties, and apply it to construct some quasi-interpolation operators which possess some interpo-
lation properties.
First let us introduce some notations.
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Denote by n the collection of all polynomials of degree at most n. The point evaluation functional
x is de5ned, as usual, by xf = f(x), and scaling operator h; h¿ 0, de5ned by hf(·) = f(·=h).
We use the term local liner operator to mean a bounded linear operator, say L, whose domain
and range are function spaces on Rs, and which has the property that (Lf)(x) depends only on the
values of f in a compact neighborhood x+K of x, where K is a compact subset of Rs independent
of x.
Let  ⊂ Rs, and B() be the set consisting of all bounded functions over . And for f∈B(),
we de5ne
‖f‖= sup
x∈
|f(x)|:
For linear operator T :B()→ B(), and set of points X = {x1; : : : ; xr}, if for any f∈B(), we
have
xj(Tf) = (Tf)(xj) = f(xj); j = 1; : : : ; r: (A)
Then we call T a linear operator with interpolation property (A).
An operator V :B()→ B() is called quasi-interpolation operator if Vf = f for all f∈ n.
Obviously, a quasi-interpolation operator need not have the interpolation property (A). For ex-
ample, Bernstein operator is one of such kind of operators. Now we present a method, using an
interpolation operator and a quasi-interpolation operator, to construct a quasi-interpolation operator
with interpolation property (A).
2. Main result
Theorem 1. Let U :B() → B() be an interpolation operator with interpolation property (A),
and V :B()→ B() a quasi-interpolation operator. Then,
T1 = U + V − UV; (1)
T2 = U − V + UV (2)
are all quasi-interpolation operators with interpolation property (A).
Proof. Obviously, T1 and T2 are all quasi-interpolation operator from B() to B().
For any x∈X , we have
x(T1f) = (T1f)(x) = (Uf)(x) + (Vf)(x)− (UV )(f)(x)
=f(x) + (Vf)(x)− U ((Vf)(x))
=f(x) + (Vf)(x)− (Vf)(x)
=f(x);
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and
x(T2f) = (T2f)(x) = (Uf)(x)− (Vf)(x) + ((UV )(f))(x)
=f(x)− (Vf)(x) + U ((Vf)(x))
=f(x)− (Vf)(x) + (Vf)(x)
=f(x):
So, both of T1 and T2 have the interpolation property (A).
Now we consider their approximate property. For any f∈B(), we have
‖T1f − f‖ = ‖(I − T1)f‖
= ‖(I − U − V + UV )f‖
= ‖((I − U )− (I − U )V )f‖
= ‖(I − U )(I − V )f‖
6 ‖I − U‖‖(I − V )f‖;
and
‖T2f − f‖= ‖(U − V + UV − I)f‖
= ‖((U − I)− (U − I)V )f‖
= ‖(U − I)(I − V )f‖
= ‖U − I‖‖(I − V )f‖:
Therefore, We can obtain the following result.
Theorem 2. If {Vn} is a sequence of operators from B() to B(); {Vnf} converges to f as n
tends to in9nity, and U is locally bounded linear operator from B() to B(), then {Tnf}={(U−
Vn+UVn)f} converges to f as n tends to in9nity, and, at the same time, x(Tnf)=f(x) for any
x∈X and any n∈N .
We give some examples in the following parts.
3. Polynomial quasi-interpolation
Suppose X = {x1; : : : ; xr} ⊂ [0; 1]. For f∈C[0; 1], we can get Lagrange interpolate operator
Lrf =
r∑
i=1
f(xi)li(x);
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where
li(x) =
w(x)
w′(xi)(x − xi) ;
w(x) = (x − x1) · · · (x − xr); i = 1; : : : ; r.
Lr has the interpolation property (A) because of x1; : : : ; xr are its Lagrange interpolation knots.
Let
Bn(f) =
n∑
i=0
f
(
i
n
)
Cinx
i(1− x)n−i:
It is a quasi-interpolation operator on C[0; 1].
Let Tn=Lr−Bn+LrBn. Then Tn is a quasi-interpolation operator with interpolation property (A).
We know that for any f∈C[0; 1]; {(Bnf)(x)} converges to f(x) uniformly on [0; 1] as n tends
to in5nity. Therefore, by Theorem 2, {(Tnf)(x)} converges to f(x) uniformly on [0,1] as n tend to
in5nity.
4. Spline quasi-interpolation
In this section, we consider the quasi-interpolation operator constructed by spline functions.
For D = [0; 1] × [0; 1], and we denote the bivariate spline function space by S12 ((2)mn), where the
type-2 triangulation (2)mn consists of following straight lines:
mx − i = 0; ny − i = 0; ny − mx − i = 0; ny + mx − i = 0;
where i = 0;±1;±2; : : : (Fig. 1).
Its dimension is (m+ 2)(n+ 2)− 1 (see [4]).
In this space, there is a B-spline function B(x; y) which possesses the following local support
(Fig. 2).
Using the smoothing cofactor-conformality method, we can obtain the expression of the spline
function.
Fig. 1. (2)mn .
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Fig. 2. The support of B-spline.
Suppose the center of the support of B(x; y) is (0; 0). Then we can obtain B-spline functions:
Bij(x; y) = B
(
mx − i + 12 ; ny − j + 12
)
; i = 0; : : : ; m+ 1; j = 1; : : : ; n+ 1:
Consider the quasi-interpolation operator Vmn :C(D)→ S12 ((2)mn),
Vmn(f) =
∑
i; j
f
(
2i − 1
2m
;
2j − 1
2n
)
Bij(x; y);
which is a variation diminishing (VD) operator (see [4]).
De5ne
"(P) =
{
1− (|x|+ |y|) |x|+ |y|¡ 1;
0 otherwise;
where P = (x; y).
For P1; : : : ; Pr and P in D; 0¡h¡min16i; j6r ‖Pi − Pj‖, let
(Qf)(P) =
r∑
k=1
f(Pk)h"(h(P − Pk));
then the quasi-interpolation operator
Tmn + Q − Vmn + QVmn
is a quasi-interpolation operator with interpolation property (A).
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